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Abstract
The following conjecture has been known for many decades as Schiffer’s sym-
metry problem (or Schiffer’s conjecture):
Assume that ∆u + k2u = 0 in D, u|S = 0, uN |S = 1, where D ⊂ R
3 is a
bounded, connected, C2−smooth domain, S is its boundary, N is a unit normal to
S pointing out of D, k2 > 0 is a constant. Then S is a sphere.
In this paper the above conjecture is proved.
It is also proved that the relation
∫
S
eikβ·sds = 0, ∀β ∈ S2 implies that S is a
sphere.
1 Introduction
Consider the problem
∆u+ k2u = 0 in D, u|S = 0, uN |S = 1, (1)
where D ⊂ R3 is a bounded, connected, C2−smooth domain, S is its boundary, N is a
unit normal to S pointing out of D, k2 > 0 is a constant. Let D′ = R3 \D and S2 be a
unit sphere in R3.
The (Schiffer’s) conjecture is:
Under these assumptions S is a sphere.
This conjecture has been unproved for many decades. There were many papers pub-
lished on this topic (see papers [1]– [3], to mention a few, and the literature cited there)
but the conjecture was not proved. A proof of the Schiffer’s conjecture is our main result.
In this paper the following assumption is basic:
Assumption A.The domain D is bounded, connected, and its boundary is sufficiently
smooth, for example, C2−smooth.
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The author studied some other symmetry problems in [4]–[8]. In [8] the Pompeiu
problem and the related symmetry problem are solved. The author proved in [8] the
following result (cf Theorem 4 in [8]):
Proposition 1. Let the Assumption A hold. If problem (1) with the boundary con-
ditions replaced by the conditions u|S = 1, uN |S = 0 has a solution, then S is a sphere.
The proof in [8] is quite different from the proof of Theorem 1 in this paper and
apparently cannot be used to prove Theorem 1. On the other hand, the author thinks
that the method developed here (and used in a proof of Theorem 1 below) can be used
for a proof of Proposition 1.
Our results are the following two theorems.
Theorem 1. If Assumption A holds, then S is a sphere.
Theorem 2. If
∫
S
eikβ·sds = 0 for all β ∈ S2, a fixed k > 0, and Assumption A holds,
then S is a sphere.
Theorem 2 can be compared with Theorem 2 in [8].
In Section 2 proofs are given.
2 Proofs
Proof of Theorem 1. Let G := e
ik|x−y|
4π|x−y|
. If problem (1) has a solution then this solution is
unique by the uniqueness of the solution to the Cauchy problem for elliptic equation (1).
The solution to equation (1) by Green’s formula is:
u(x) =
∫
S
G(x, t)dt; u(x) = 0 if x ∈ D′. (2)
The first formula (2) is obtained by the standard application of the Green’s formula. The
second formula (2) follows from the uniqueness of the solution to the Helmholtz equation
(1) satisfying the boundary condition u|S = 0 and the radiation condition at infinity, see,
for example [9], p.28. The integral in formula (2) satisfies these conditions, so u = 0 in
the exterior domain D′.
Let BR = {x : |x| ≤ R}, D ⊂ BR, and g = g(φ) be an element of the rotation
group, more precisely, g(φ) is a rotation by the angle φ around a unit vector α. Then
u(g(φ)x) = 0 for |x| > R. Differentiate the integral (2) (in which x is replaced by g(φ)x
and |x| > R) with respect to φ and then set φ = 0. The result is:
I :=
∫
S
eik|x−t|
4π|x− t|
(
ik −
1
|x− t|
)(α, [t, x])
|x− t|
dt = 0, |x| > R. (3)
Here we denoted by [t, x] the cross product of two vectors and took into account that
d|g(φ)x− t|
dφ
|φ=0 =
(x− t, [α, x])
|x− t|
=
(α, [t, x])
|x− t|
:= T, (4)
2
see [4], p. 416, for the derivation of the formula
dg(φ)x
dφ
|φ=0 = [α, x].
By analyticity of I in D′ it follows that if I = 0 for |x| > R then I = 0 in D′. The
relation (3) for a sphere of a radius a takes a special form: in this case for r := |x| > a
the solution u(x) can be calculated analytically by the formula:
u(x) = ikj0(ka)h
(1)
0 (kr), (5)
where j0(r) is the spherical Bessel function and h
(1)
0 (kr) is the spherical Hankel function,
see [4], p. 262. Here the known formula is used:
G =
∑
ℓ≥0
ikjℓ(k|y|)h
(1)
ℓ (k|x|)Yℓ(x
0)Yℓ(y
0), |x| > |y|,
where x0 := x/|x|, and Yℓ(x
0) are the normalized spherical harmonics, see, for example,
[4], p. 261.
If and only if S is a sphere of radius a and |x| > a one has u(g(φ)x) = u(x) = u(|x|),
so that
du(g(φ)x)
dφ
= 0 for all φ ∈ [0, 2π). Moreover, in this case u|r=a = 0 if and only if
j0(ka) = 0.
Let us check that the limit of I as x→ s ∈ S is infinite, so that equation (2) cannot
hold unless S is a sphere of radius a such that j0(ka) = 0.
Fix an arbitrary point s ∈ S. Let Ns be the unit normal to S at the point s. Choose
α = Ns. Then [t, x] = ν|x||t| sin θ, where ν is the unit vector [t, x]/|[t, x]|. Choose
x = s + ǫNs where ǫ > 0 is a small number, and let the coordinate system be chosen so
that vector s is directed along Ns. If δ > 0 is a small number and S is smooth, then
vector ν is nearly orthogonal to Ns and (α, ν) ≈ 1, the sign ≈ means equality with a
negligible error. In this case one has
(α, [t, x]) = (α, ν)|x||t| sin θ ≈ |x||t| sin θ,
where θ is the angle between x and t. When x→ s and t→ s, then (α, [t, x]) ≈ |s|2 sin θ
and |t − x| ≈ |s|θ ≈ |s| sin θ, because if δ is small then θ ≈ sin θ. Consequently, for
x ≈ s and t ≈ s, the ratio T , defined in formula (4), is close to |s| and is bounded from
above and from below by some positive constants. With this choice of α and x the main
singularity of I, as x → s, is of the order of |s− t|−2. This singularity is not integrable
on the surface S. Therefore one concludes that the limit of I as x → s is infinite and
relation (3) cannot hold in D′ unless S is a sphere.
Let us give a slightly more detailed argument. Let δ > 0 be a fixed small number,
Sδ := {t : |t− s| ≤ δ} and S
′
δ := S \ Sδ. Denote
I1(x) =
∫
S′
δ
eik|x−t|
4π|x− t|
(
ik − |x− t|−1
)(α, [t, x])
|x− t|
dt. (6)
and let J := I − I1.
Clearly, limx→s I1 = I1(s) < ∞. Consider now the limit of J as x → s. Note that
eik|x−t| → 1 as x→ s and t→ s, so that one can replace this function by 1 in Sδ without
loss of generality.
As was shown above, T ≈ |s| for x and t close to s and δ small, so the term of J
with the highest order of singularity, as x → s, is of the form: J1 :=
|s|
4π
∫
Sδ
|x − t|−2dt.
Consider the behavior of the integral
J2 :=
∫
Sδ
|x− t|−2dt
as x → s. To estimate its behavior as x → s let us use the local coordinates with the
origin at the point s, the x3−axis along the normal Ns to S at the point s, and the x1x2
plane tangent to S at the point s. The polar coordinates {ρ, ϕ} on the plane x1x2 allow
one to approximate dt by the quantity ρdρdφ with negligible error if δ is small and S is
smooth. In the new coordinates x = ǫNs. Let ǫ→ 0, that is x→ s. Then one gets
J2 =
∫ 2π
0
dϕ
∫ δ
0
dρρ(ǫ2 + ρ2)−1 = O
(
ln
1
ǫ
)
→∞, ǫ→ 0. (7)
This proves our claim that the limit of the right side of (3) as x → s is infinity. Conse-
quently, equation (2) cannot hold unless S is a sphere of radius a such that j0(ka) = 0.
Theorem 1 is proved. ✷
Our argument remains valid for D ⊂ Rn, n ≥ 2.
Proof of Theorem 2. Assume that
∫
S
eikβ·sds = 0, ∀β ∈ S2. (8)
Define
u(x) :=
∫
S
eik|x−s|
4π|x− s|
ds.
As a particular case of the author’s general lemma (Lemma 1 in [9], p.40) one has an
obvious relation:
eik|x−s|
4π|x− s|
=
eik|x|
4π|x|
eikβ·s +O(|x|−2), |x| → ∞, x/|x| = −β. (9)
Thus, u(x), defined above, solves equation (1) in D′ and, due to (8), u = O(|x|−2) as
|x| → ∞. Every solution u to equation (1) in D′ which is O(|x|−2) as |x| → ∞ must
vanish identically in D′ by Lemma 1 in [9], p.25. Therefore, by Theorem 1, proved above,
the surface S is a sphere. ✷
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